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Abstract
We compare theoretical and experimental predictions of two main classes of models ad-
dressing fermion mass hierarchies and flavour changing neutral currents (FCNC) effects
in supersymmetry: Froggatt-Nielsen (FN) U(1) gauged flavour models and Nelson-
Strassler/extra dimensional models with hierarchical wave functions for the families.
We show that whereas the two lead to identical predictions in the fermion mass ma-
trices, the second class generates a stronger suppression of FCNC effects. We prove
that, whereas at first sight the FN setup is more constrained due to anomaly cancela-
tion conditions, imposing unification of gauge couplings in the second setup generates
conditions which precisely match the mixed anomaly constraints in the FN setup. Fi-
nally, we provide an economical extra dimensional realisation of the hierarchical wave
functions scenario in which the leptonic FCNC can be efficiently suppressed due to the
strong coupling (CFT) origin of the electron mass.
1Hans Fischer Senior Fellow, Institute for Advanced Studies, Technical University, Munich, Ger-
many
1 Introduction and outline
The Standard Model (SM) is successful in describing the strong suppression of the
FCNC and CP violating processes but this success strongly relies on the pattern of
fermion masses and mixing angles taken from experiment. It has since long been a big
theoretical challenge to find extensions of the SM that address the origin of the Yukawa
couplings and simultaneously solve the hierarchy problem of the SM, in no conflict with
the FCNC and CP violation data. The flavour structure of the new physics, needed
to explain the pattern of the Yukawa matrices, also has to control the new physics at
TeV scale that protects the Higgs potential from large radiative corrections, so that
the new sources of the FCNC and CP violation are strongly suppressed.
It is an old and interesting proposal that the flavour dynamics and the hierar-
chy problem can be simultaneously addressed in supersymmetric models with sponta-
neously broken horizontal gauge symmetries and the Froggatt-Nielsen (FN) mechanism
for Yukawa couplings [1–8]. An extensive theoretical and phenomenological work shows
that such models with Abelian or non-Abelian [9, 10] horizontal symmetries can cor-
rectly reproduce the pattern of Yukawa matrices. At the same time, they control the
flavour structure of the soft supersymmetry breaking terms in the gravity mediation
scenario and can be compatible with very strong experimental constraints from the
FCNC and CP violation sector, without the need to raise the scale of sfermion masses
beyond that needed to solve the little hierarchy problem. However, this compatibility
often requires restricted range of supersymmetric parameters and/or some additional
structural assumptions [2, 6, 11] (see [12] for a recent discussion). In general, there is
not much room for manoeuvre and one may expect FCNC to be close to the present
bounds.
More recently, it has been proposed that the pattern of Yukawa matrices and the
suppression of FCNC effects in supersymmetric theories can be understood as solely
due to strong wave function renormalisation (WFR models) of the matter fields, su-
perimposed on the initial flavour anarchical structure at the very high (Planck) scale
M0 [13]. The origin of such effects could be RG running down to some scale M few
orders of magnitude below M0, with large anomalous dimensions of the matter fields
generated by the coupling of the MSSM sector to a conformal sector [13–15] or different
localisation of different matter fields in a (small) extra dimension introduced just for
flavour [16,17]. The latter idea has also been extensively discussed as a solution to the
flavour problem in non-supersymmetric Randall-Sundrum type models, with strongly
warped extra dimensions [18].
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As it has already been noticed in the original paper by Nelson and Strassler, the
predictions of the WFR mechanism in supersymmetric models resemble those of the
flavour models based on the FN mechanism, with horizontal abelian symmetries, with
all SM fermions carrying charges of the same sign and with one familon field. Indeed,
the predictions of the two approaches for the Yukawa matrices are identical, after
proper identification of the corresponding parameters. There is a finite number of FN
supersymmetric models (of the horizontal charge assignments) with abelian horizontal
symmetry, one familon field and all fermion charges of the same sign that are a) theo-
retically consistent, b) correctly describe quark and lepton masses and mixings. Each
horizontal charge assignment can be identified with concrete values of the set of free
parameters in the WFR approach, with the same predictions for the Yukawa matrices.
Thus, using the previous results on the FN models we can easily infer a viable set of
the WFR models. We point out that this set is likely to be a complete set of such
models if we require gauge coupling unification.
The magnitude of the FCNC and CP violation at the electroweak scale is determined
by the coefficients of the dimension 6 operators in the effective SM lagrangian obtained
after integrating out the supersymmetric degrees of freedom [19]. As we discuss below
in detail, the two approaches differ significantly in their predictions for the suppression
factors for some of the dimension 6 operators. It is therefore of some interest to compare
other predictions, in particular for the FCNC and CP violation suppression, of the WFR
models with predictions of the FN models that successfully describe fermion masses
and mixing. This is the purpose of this note. It is easy to make such a comparison for
each pair of the models introduced above. However, the FN models that are successful
in the Yukawa sector also include models which have no correspondence to the WFR
approach, like models with charges of both signs or models with several U(1)’s. Here
the comparison is less straightforward but one can see some general differences.
In Sec. 2, putting aside the potential origin of the strong WFR effects that could
be responsible for the hierarchy of Yukawa couplings, we compare the structure of the
operators violating flavour in the two approaches from a 4d point of view , and discuss
their phenomenological predictions. We draw attention to certain important structural
differences in favour of WFR, such as no distinction in wave function renormalisation
between fermions and antifermions, no D-term contribution to sfermion masses and
no problem with uncontrolled coefficients of order unity. We notice that whereas sig-
nificant suppression of FCNC is achieved in the squark sector, the constraints in the
leptonic sector coming from µ→ eγ are still difficult to satisfy.
Sec. 3 is devoted to the discussion of the gauge coupling unification in the WFR
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model. A stunning coincidence is pointed out with the Green-Schwarz anomaly cance-
lation conditions in the horizontal symmetry models.
In Sec. 4 we discuss in some detail the possible origin of the strong WFR effects. For
the extra dimensional interpretation, we comment on the differences and the benefits
compared to RS and propose a CFT origin of the electron mass which has the virtue
of decoupling the A-term of the electron from its Yukawa coupling. The end result is
a strong suppression of the leptonic FCNC violations (µ → eγ) compared to the 4d
discussion in Sec. 2. Sec. 5 contains our conclusions.
2 Horizontal symmetry versus WFR: structure and
predictions
We consider effective supersymmetric models with softly broken supersymmetry, de-
scribed by a Ka¨hler potential and a superpotential, below the flavour symmetry break-
ing scale M but above the soft supersymmetry breaking scale Msusy. The flavour
structure may be present in the kinetic terms, the superpotential (in general, non-
renormalisable) and in the pattern of soft terms. We concentrate only on models with
positive FN charges, which are relevant for the WFR case. The effective action is
determined by
W = ǫqi+uj+hu(Y Uij + A
U
ijX)QiUjHu + ǫ
qi+dj+hd(Y Dij + A
D
ijX)QiDjHd
+ǫli+ej+hd(Y Eij + A
E
ijX)LiEjHd
K = ǫ|qi−qj |(1 + CijX
†X)Q†iQj + · · · , (1)
where ǫ = θ/M , with θ a chiral (super)field of U(1) charge −1, X = θ2F is the
SUSY breaking spurion and all flavour matrix elements Y Uij , etc are considered to be
of order one. The family charges of fermion superfields are defined as qi for the flavour
components of the left-handed doublet QL, and ui and di for the flavour components
of the (left-handed) quark singlet fields U c and Dc, the charge conjugate of the right-
handed flavour triplets UR and DR, respectively, and similarly for leptons. Horizontal
charges are defined in some electroweak basis. In that basis, flavour mixing is present
also in the kinetic terms. However, the rotation to the canonical basis does not change
the leading powers of ǫ in the rest of the lagrangian (we assume all coefficients Cij, Yij
and Aij to be of O(1)) and we shall always refer to the canonical basis.
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In the WFR case the effective action at the scale M is determined by
W = (Y Uij + A
U
ijX)QiUjHu + (Y
D
ij + A
D
ijX)QiDjHd
+(Y Eij + A
E
ijX)LiEjHd
K = ǫ−2qiQ†iQi + CijX
†XQ†iQj · · · . (2)
Here the factors ǫ−2qi are the wave function renormalisation factors, originating from
the physics between M0 and M , and in the notation suitable for the comparison of the
two approaches. Any order unity flavour mixing in the kinetic terms at the scale M0
has already been rotated away. After rescaling of the wave functions Qi → ǫqiQi, etc
(also including the possiblity of rescaling of the Higgs fields), the effective action in the
WFR case is given by
W = ǫqi+uj+hu(Y Uij + A
U
ijX)QiUjHu + ǫ
qi+dj+hd(Y Dij + A
D
ijX)QiDjHd
+ǫli+ej+hd(Y Eij + A
E
ijX)LiEjHd
K = Q†iQi + Cijǫ
qi+qjX†XQ†iQj · · · . (3)
The comparison of the two approaches is immediate. For the two models to give
identical predictions for Yukawa couplings at the high scale the parameters of the
supersymmetric WFR models are fixed in terms of the charge assignment in the FN
models. However, since the wave function renormalisation does not distinguish between
particles and antiparticles, the suppression of sfermion masses is much stronger in the
WFR case. Similar observation in the non-SUSY case has been made in [22]. Actually
the class of FN models which really compare directly to WFR models are the ones
with only one U(1)X , positive charges and with only one familon field of negative
charge breaking it, such that all Yukawas are generated by holomorphic couplings to
the familon.
For any comparison with experimental data we have to be in the basis where the
quark mass matrices are diagonal. Since the main experimental constraints come from
the down quark sector it is very convenient to remain in an electroweak basis (for
explicit SU(2)×U(1) gauge invariance) but the one in which the down quark Yukawa
matrix is diagonal. Thus, the scalar field terms in the Lagrangian are subject to
(appropriate) left and right rotations that diagonalise down quark Yukawa matrix.
Such rotations, acting on the off-diagonal terms in the sfermion mass matrices do not
change their leading suppression factors (powers of ǫ) but generically are the source
of additional contributions to the off-diagonal terms coming from the splitting in the
diagonal entries. For FN models, the two obvious sources of the diagonal splitting are
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potentially flavour dependent order unity coefficients Cii 6= Cjj and generically present
flavour dependent U(1) D-terms. Those additional contributions to the off-diagonal
terms are of the order of the rotation angles diagonalising the down quark Yukawa
matrix (roughly speaking of the order of the CKM angles) and are unwelcome. They
provide an upper bound (in fact uncomfortably strong) on the suppression of the off-
diagonal terms. It so happens that in the discussed here models with all fermions
carrying the same sign horizontal charges the suppression factors of the original off-
diagonal terms are the same as the suppression of the terms originating from the
diagonal splitting so the problem of compatibility with the data is similarly difficult
for both components (see [12]). However, there are U(1) models with charges of both
signs and/or with several U(1) symmetries which do not have WFR counterpart but are
often successful in the Yukawa sector and give strong suppression of the original flavour
off-diagonal sfermion mass terms. Still, they face the mentioned above generic problem
of the flavour dependent D-term contribution to the diagonal masses and possible
diagonal splitting by uncontrolled by the U(1) symmetry coefficients of order unity.
After rotations, the suppression of the off-diagonal terms in the quark mass eigenstate
basis is then similar as in the models with the same sign charges and results in certain
tensions in the parameter space of the soft supersymmetry breaking terms [12]. It is
clear that WFR approach avoids those problems. There is no U(1) symmetry and no
D-terms and the flavour dependent diagonal terms in the sfermion mass matrices are
suppressed by powers of ǫ, so there is also no problem of uncontrolled coefficients of
order unity.
In addition to working in the electroweak basis with diagonal down quarks, for a
meaningful comparison with experimental data we have to include all the MSSM-like
renormalisation effects for the running from the scale M to the electroweak scale. Fi-
nally, the standard analysis of the FCNC and CP violation data is performed in terms
of the coefficients of the dimension 6 operators in the effective SM lagrangian obtained
after integrating out the supersymmetric degrees of freedom [19]. The coefficients of
those operators are calculable in terms of the soft supersymmetry breaking parame-
ters and the discussed above suppression factors have a direct correspondence in the
suppression factors of the higher dimension operators.
Let us compare the flavour properties of some models of fermion mass hierarchies
under the two paradigms of family symmetry and WFR. From our discussion above it
is clear that once we have a FN model with all fermion charges of the same sign that
correctly reproduces the fermion mass hierarchy it can immediately be translated into
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a WFR model.2 In the following we shall compare some of the corresponding pairs of
models mentioned above. As we discussed earlier, for a global picture one should also
compare the set of viable WFR models with FN models that do not have any WFR
correspondence but are successful in the Yukawa sector, too. However, after inclusion
of the effects of the splitting on the diagonal and of the D-term contributions to the
sfermion masses such models give predictions for FCNC very close to the same sign
charge models, so we don’t discuss them any more. From the point of view of proton
decay operators, both approaches can generate some suppression: U(1)X FN can also
completely kill proton decay if for example the lepton charges are li = ni + 1/3, ei =
mi − 1/3, with ni, mi integers (all other MSSM charges being integers), since then
there is an effective Z3 discrete leptonic symmetry protecting the proton to decay.
More generally, both FN and WFR generate some suppression for the first generations
due to their large charges.
The flavour suppression is parameterised by the variable ǫ introduced earlier. We
have in mind ǫ to be of the order the Cabbibo angle, ǫ ∼ 0.22, but certainly other
values can be considered provided one appropriately rescales the charges. Consistent
charge assignments have for instance been classified in Refs. [5,7]. Here we will consider
3 models:3
q = u = e = (3, 2, 0) , d = ℓ = (2, 0, 0) + d3 , (Model A)
q = u = e = (4, 2, 0) , d = ℓ = (1, 0, 0) + d3 , (Model B)
q = (3, 2, 0) , u = (5, 2, 0) , d = (1, 0, 0) + d3 , ℓ = q + ℓ3 , e = d− ℓ3 .
(Model C)
In all three cases the horizontal charges of the Higgs fields are zero. Notice that the
choice q3 = u3 = 0 is a requirement for obtaining a heavy top, while the freedom in d3
is related to tan β via the bottom Yukawa:
ǫ−d3 tan β ∼ mt(Mc)
mb(Mc)
∼ ǫ−3 . (4)
The resulting Yukawa couplings for model A are displayed in the last column of Tab. 1.
They readily reproduce the observed masses and mixings of the SM fermions for suitable
choices of O(1) coefficients.
2FN are seemingly more constrained, as some form of anomaly cancelation has to be imposed. We
will see in Sec. 3 that preservation of the successful MSSM gauge coupling unification in WFR models
places very similar constraints on the assignment of ”charges”(suppression factors) in the latter case.
3A and B are taken from Ref. [7], where they are called models 1 and 5 respectively, model C was
studied in Ref. [5].
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a m˜2a,LL /m
2
0 m˜
2
a,RR /m
2
0 Aa /m0 ∼ Ya
rq 1+


ǫ6 ǫ5 ǫ3
ǫ5 ǫ4 ǫ2
ǫ3 ǫ2 ǫ0

 ru 1+


ǫ6 ǫ5 ǫ3
ǫ5 ǫ4 ǫ2
ǫ3 ǫ2 ǫ0


u


ǫ6 ǫ5 ǫ3
ǫ5 ǫ4 ǫ2
ǫ3 ǫ2 ǫ0


rq 1+


ǫ0 ǫ1 ǫ3
ǫ1 ǫ0 ǫ2
ǫ3 ǫ2 ǫ0

 ru 1+


ǫ0 ǫ1 ǫ3
ǫ1 ǫ0 ǫ2
ǫ3 ǫ2 ǫ0


rq 1+


ǫ6 ǫ5 ǫ3
ǫ5 ǫ4 ǫ2
ǫ3 ǫ2 ǫ0

 rd 1+ t2β


ǫ10 ǫ8 ǫ8
ǫ8 ǫ6 ǫ6
ǫ8 ǫ6 ǫ6


d tβ


ǫ8 ǫ6 ǫ6
ǫ7 ǫ5 ǫ5
ǫ5 ǫ3 ǫ3


rq 1+


ǫ0 ǫ1 ǫ3
ǫ1 ǫ0 ǫ2
ǫ3 ǫ2 ǫ0

 rd 1+


ǫ0 ǫ2 ǫ2
ǫ2 ǫ0 ǫ0
ǫ2 ǫ0 ǫ0


rℓ 1+ t
2
β


ǫ10 ǫ8 ǫ8
ǫ8 ǫ6 ǫ6
ǫ8 ǫ6 ǫ6

 re 1 +


ǫ6 ǫ5 ǫ3
ǫ5 ǫ4 ǫ2
ǫ3 ǫ2 ǫ0


e tβ


ǫ8 ǫ7 ǫ5
ǫ6 ǫ5 ǫ3
ǫ6 ǫ5 ǫ3


rℓ 1+


ǫ0 ǫ2 ǫ2
ǫ2 ǫ0 ǫ0
ǫ2 ǫ0 ǫ0

 re 1 +


ǫ0 ǫ1 ǫ3
ǫ1 ǫ0 ǫ2
ǫ3 ǫ2 ǫ0


Table 1: Yukawas and soft scalar mass squared matrices for model A [7]: q = u = e =
(3, 2, 0), ℓ = d with d− d3 = (2, 0, 0) and we have used the relation tan β = ǫd3−3. The
upper row corresponds to a WFR model, while the lower one to a FN one.
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After inclusion of the renormalisation effects [20] , the soft mass terms at the elec-
troweak scale are to a good approximation given by
m˜2u,LL,ij ∼ rqm21/2 δij + mˆ2qǫ|qi±qj | (5)
m˜2u,RR,ij ∼ rum21/2 δij + mˆ2uǫ|ui±uj | (6)
m˜2u,LR,ij ∼ Auv sin β ǫqi+uj (7)
m˜2d,LL,ij ∼ rqm21/2 δij + mˆ2qǫ|qi±qj | (8)
m˜2d,RR,ij ∼ rdm21/2 δij + mˆ2dǫ|di±dj | (9)
m˜2d,LR,ij ∼ Adv cos β ǫqi+dj (10)
m˜2e,LL,ij ∼ rℓm21/2 δij + mˆ2ℓǫ|ℓi±ℓj | (11)
m˜2e,RR,ij ∼ rem21/2 δij + mˆ2eǫ|ei±ej | (12)
m˜2e,LR,ij ∼ Aev cos β ǫℓi+ej (13)
where we have defined the high scale soft masses m1/2, mˆa and Aa. Baring some
additional suppression mechanism, a completely natural theory would require all these
terms to be of the same order, and we will henceforth set them all equal to a common
mass m0. The terms that are suppressed by powers of ǫ are multiplied by flavour
dependent O(1) coefficients that are omitted here for clarity. The charges are all
positive or zero, and the positive sign applies to the WFR case whereas the negative
one to the FN case. The constants ra parameterize the leading gauge renormalization
and are given approximately by rq = 6.5, ru = 6.2, rd = 6.1, rℓ = 0.5 and re = 0.15.
Yukawa corrections are expected to be important for the third generation but given the
unknown O(1) coefficients of the tree level soft mass matrices they are irrelevant for
our discussion. The resulting soft mass matrices are also displayed in Tab. 1. Several
points deserve to be emphasized.
• For WFR all 1st and 2nd generation mass eigenvalues (and, in fact, some 3rd
generation ones as well) are predicted from the running of gauge/gaugino loops,
while in the FN case the explicit tree level soft masses give non-negligible contri-
bution, particularly to slepton masses.
• Yukawas and chirality changing soft masses (A-terms) receive the same suppres-
sion, and are in fact the same for both FN and WFR.
• In the LL and RR sectors the off-diagonal masses are more suppressed for WFR
than for FN, as explained above.
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To compare with experiment, bounds are usually given for the mass insertion pa-
rameters δaij at a reference sfermion mass. They are defined as
δaMN,ij =
m˜2a,MN,ij
m˜a,M,i m˜a,N,j
, 〈δaij〉 =
√
δaLL,ijδ
a
RR,ij (14)
for a = u, d, e, M,N = L,R, i 6= j. The expressions are normalized to the diagonal
entries m˜a,M,i. To the A terms one associates analogous parameters (for any i, j):
δaLR,ij = (δ
a
RL,ji)
∗ =
m˜2a,LR,ij
m˜a,L,i m˜a,R,j
. (15)
Starting with the limits from the hadron sector, we give the bounds and the results
for Model A in Tab. 2 and 3. All bounds in Tab. 2 are comfortably satisfied (even for
large tanβ) and in fact would allow for a much smaller squark mass. Notice that in the
FN model with analogous charge assignments it is very difficult to satify the bound on
〈δ12〉 [12]. Since the squark mass mixing between the first two generations is suppressed
at most by two powers of ǫ, to satisfy the bound one needs very strong flavour blind
renormalisation effects, i.e. a large ratio of of the initial values of the gluino mass to
the squark mass at the very high scale.
The chirality flipping mass insertions of Tab 3 are more constraining. In par-
ticular, the 11 entries are strongly constrained from the EDM measurements of the
neutron. Nevertheless, the corresponding predictions of our model for 1 TeV squark
mass marginally satisfy the experimental bounds.
Turning to leptons, we quote in Tab. 4 the bounds 4 resulting from LFV decays
of the charged leptons, µ → eγ, τ → eγ and τ → µγ and the theoretical predictions
obtained under the assumption of a universal supersymmetry breaking scale m0 at high
energy. Then, at the electroweak scale Ae ∼ m0 and the typical scale for sleptons is
m˜sl = (rℓre)
1
4m0. One observes that even for the slepton mass as high as 400 GeV
(corresponding the m0 = 750 GeV) the contribution to µ → eγ is not sufficiently
suppressed. It is interesting to know how far one can adjust the charges ei and ℓi to
ameliorate this problem. To this end, consider the product
δeLR,12δ
e
RL,12 ∼
A2ev
2
m˜4sl
ǫℓ1+e2+ℓ2+e1 cos2 β ∼ A
2
ememµ
m˜4sl
. (16)
It is therefore clear that this product is independent of the concrete charge assignment
and can only be lowered by increasing m˜sl or decreasing Ae. This means that at least
4Note that the decay rate depends on the sum (δLR,ij)
2 + (δRL,ij)
2 [19]. The LL and RR entries
are much less constrained and we will not consider them here.
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a ij δaLL,ij δ
a
RR,ij 〈δaij〉
Exp. Th Exp. Th. Exp. Th.
d 12 0.03 8.6× 10−5 0.03 9.1× 10−7 t2β 0.002 8.9× 10−6 tβ
d 13 0.2 1.8× 10−3 0.2 9.1× 10−7 t2β 0.07 4.0× 10−6 tβ
d 23 0.6 8.1× 10−3 1.8 1.8× 10−5 t2β 0.2 3.8× 10−4 tβ
u 12 0.1 8.6× 10−5 0.1 8.6× 10−5 0.008 8.6× 10−5
Table 2: Bounds on hadronic chirality-preserving mass insertions and results from
WFR with model A. Bounds (taken from Tab. IV of Ref. [23]) are valid for a squark
mass of 1 TeV and scale linearly with the latter.
one of the individual contributions is bigger than
Ae
√
memµ
m˜2sl
∼ 3.5× 10−5 (17)
where the numbers are for m˜sl = 400 GeV. This is a robust prediction (up to O(1)
coefficients), and indeed Tab. 4 shows that it holds in particular for model A. A
stronger suppression can be obtained only if A terms are smaller than m0 and/or m0
has larger value, i.e. m˜sl > 400 GeV. For instance one can get an acceptable decay
rate for Ae ∼ 100 GeV and m˜sl ∼ 400 GeV. Lowering the slepton mass further requires
more and more fine tuning of A0, while m˜sl ∼ 400 GeV implies squark masses of the
order of 1.9 TeV which is uncomfortably large for the little hierarchy problem. In
conclusion, the leptonic bounds are more constraining than the hadronic ones ( see
also [13], [17]). Finally, let us stress that FN models do possess a similar problem
(with identical bounds on the LR/RL sector). In addition, they predict insufficient
suppression in the LL and RR sectors.
In Sec. 4 we will point out a novel mechanism to suppress the µ → eγ decay
rate, opening the possibility to lower the superpartner masses without fine-tuning the
leptonic A terms in the WFR models.
3 Unification and wave-function hierarchies
The physical gauge coupling in a supersymmetric field theory is given by [26, 27]
4π2
g2a(µ)
= Refa +
ba
4
log
Λ2
µ2
+
T (Ga)
2
log g−2a (µ
2)−
∑
r
Ta(r)
2
log detZ(r)(µ
2) , (18)
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a ij δaLR,ij δ
a
RL,ij
Exp. Th. Exp. Th.
d 12 2× 10−4 8.1× 10−6 2× 10−3 1.8× 10−6
d 13 0.08 8.1× 10−6 0.08 3.7× 10−5
d 23 0.01 3.7× 10−5 0.01 7.6× 10−4
d 11 4.7× 10−6 3.9× 10−7 4.7× 10−6 3.9× 10−7
u 12 0.02 3.7× 10−5 0.02 3.7× 10−5
u 11 9.3× 10−6 8.1× 10−6 9.3× 10−6 8.1× 10−6
Table 3: Bounds on hadronic chirality-flipping mass insertions and results from WFR
with model A. Bounds taken from Tab. V of Ref. [23] are valid for a squark mass of
1 TeV. While the bounds on the i 6= j (i = j) elements grow linearly (quadratically)
with the latter, our predictions go down linearly.
ij δeMN,ij
Exp. Th. (LR) Th. (RL)
12 4.8× 10−6 2.0× 10−5 9.4× 10−5
13 1.8× 10−2 4.3× 10−4 9.4× 10−5
23 1.2× 10−2 8.9× 10−3 4.3× 10−4
Table 4: Experimental bounds on leptonic mass insertions and results from WFR
with model A. Bounds (taken from Tab. 7 of Ref. [19], using updated bounds on the
branching ratios [24]) are valid for a slepton mass of 400 GeV.
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where
ba =
∑
r
nrTa(r)− 3T (Ga) , Ta(r) = Trr T 2(a) (19)
are the beta function and the Dynkin index of the representation r under the gauge
group factor Ga, fa are the holomorphic gauge couplings, Z(r),ij are wave functions
of matter fields of flavour indices i, j and the determinant detZ(r)(µ
2) is taken in the
flavour space.
In our case Z(r) ≃ diag (ǫ−2q
(r)
1 , ǫ−2q
(r)
2 , ǫ−2q
(r)
3 ) and therefore
log detZ(r) = −2
∑
i
q
(r)
i log ǫ , (20)
where q
(r)
i are the ” U(1) charges” of the matter representations r = Q,U,D, L,E,Hu, Hd.
Let us define in what follows the quantities
Aa = − 1
log ǫ
∑
r
Ta(r)
2
log detZ(r) , (21)
which are proportional to the additional contribution to the running coming from a
strongly coupled sector, producing the hierarchical wave functions. Notice that usual
MSSM unification is preserved if
A3 = A2 =
3
5
A1 . (22)
With the field content of MSSM, we find
SU(3) : A3 =
∑
i
(2qi + ui + di) ,
SU(2) : A2 =
∑
i
(3qi + li) + hu + hd ,
U(1)Y : A1 =
∑
i
(
1
3
qi +
8
3
ui +
2
3
di + li + 2ei) + hu + hd . (23)
Notice also that the quantities Ai can be related simply to the determinants of the
mass matrices of the quarks and leptons via
det(YUY
−2
D Y
3
L ) = ǫ
3
2
(A1+A2−2A3) ,
det(YUYD) = ǫ
A3+3(hu+hd) . (24)
The reader familiar with the gauged Froggatt-Nielsen U(1) generating Yukawa hierar-
chies probably recognized already (22)-(24), see [3], [4], [5]. It is worth pointing out
the interesting analogy with our present case:
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• In the gauged FN case the quantities (23) are precisely the coefficients of the
U(1)XG
2
a mixed anomalies, between the gauged U(1)X and the SM gauge group
factors Ga = SU(3), SU(2), U(1)Y .
• In the FN case (22) represent the universal (for the heterotic strings) Green-
Schwarz anomaly cancelation conditions.
In our case, (22) represent the unification conditions for the gauge couplings at the
energy scale where the strong sector decouples from the running. Interestingly enough,
even if there is no gauge U(1) symmetry in our case, unification of gauge couplings
requires the ”charges” determining the wave function renormalisation to satisfy exactly
the same constraints as anomaly cancellation for the U(1) charges in the gauged FN
case !
By using the results of [4], [5] on the structure of quark and lepton masses, one useful
relation can be written
A1 + A2 − 8
3
A3 ≃ 2(hu + hd) . (25)
The unification conditions (22) lead therefore to hu+hd = 0. Since in the WFR models
all ”charges” are positive or zero, this means that hu = hd = 0. Therefore in the extra
dimensional interpretation of the WFR models (to be discussed in the next section)
both Higgs doublets are localized on the UV brane.
Let us notice that, in the FN case, the mixed anomaly conditions (23) imposed to the
model C of Section (2) gives the result hu+ hd = 0, d3− l3 = 2/3. A simple solution is
hu = hd = 0, d3 = 1, l3 = 1/3. In this case, the U(1)X symmetry breaks to a discrete
ZL3 acting on the leptons, which protects proton decay.
4 Extra dimensional model for the WFR
There are various possible origins for theWFR: 4d strongly coupled or higher-dimensional
with flavour-dependent wave-function localization. We use here a variant of the RS
setup [28], with an UV brane with energy scale ΛUV and an IR brane with energy scale
ΛIR ∼MGUT . The fifth dimension is therefore very small and the hierarchy is given by
ǫ =
ΛIR
ΛUV
= e−kπR (26)
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All MSSM fields live in the bulk [31]. Following [16], start with Ka¨hler terms (0 < y <
πR)
Kˆ = e(1−2chu )kyH†uHu + e
(1−2chd )kyH†dHd
+ e(1−2cq,i)kyQ†iQi + e
(1−2cui )kyU †i Ui + e
(1−2cdi )kyD†iDi
+ δ(y)k−3X†X
(
Cq,ijQ
†
iQi + Cu,ijU
†
i Ui + Cd,ijD
†
iDi + ChuH
†
uHu + ChdH
†
dHd
)
. (27)
where i, j = 1, 2, 3 running over families and the coefficients are flavour anarchic O(1)
numbers. We have kept only fields with zero modes, the conjugate fields φc have
Dirichlet boundary conditions (−−) and hence have no zero modes. The leptons have
an analogous Lagrangian. Brane localized kinetic terms can also be introduced, even
with arbitrary flavour dependence, without changing the outcome. We will introduce
a superpotential
Wˆ = δ(y)k−
3
2
(
Yˆ uijHuQiUj + Yˆ
d
ijHdQiDj + k
−1XAˆuijHuQiUj + k
−1XAˆdijHdQiDj
)
+ δ(y − πR)(kǫ)− 32
(
Yˆ ′uij ǫ
chu+cqi+cujHuQiUj + Yˆ
′d
ij ǫ
chd+cqi+cdjHdQiDj
)
(28)
Notice that we have confined the SUSY breaking spurion X to the UV brane at
y = 0. We have introduced arbitrary dimensionless Yukawa couplings on both branes.
After integrating over the extra dimension, the kinetic terms pick up wave function
renormalisations
Zq =
1
(1− 2cq)k
(
ǫ2cq−1 − 1) , (29)
and therefore
Zq ∼ ǫ
2cq−1
(1− 2cq)k for c < 1/2 and Zq ∼
1
(2cq − 1)k for c > 1/2 . (30)
Notice that
• For cq < 12 the field is localized near the IR brane. We assign it ”charges”
q = 1
2
− cq > 0 and q′ = 0.
• For cq > 12 the field is localized near the UV brane. The charges are q = 0 and
q′ = cq − 12 > 0.
• Exact UV (IR) brane localization is obtained by formally sending q′ (q) to infinity.
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After switching to canonical normalization, this leads to Yukawa couplings
Y uij = Yˆ
u
ij ǫ
qi+uj+hu + Yˆ ′uij ǫ
q′i+u
′
j+h
′
u , (31)
Y dij = Yˆ
d
ijǫ
qi+dj+hd + Yˆ ′dij ǫ
q′i+d
′
j+h
′
d . (32)
Each field either suppresses Yˆ or Yˆ ′, depending on whether it is UV or IR localized.
Since we will take the X field localized on the UV brane, the physical soft masses
and A terms at the high scale are given by the expressions in Sec. 2 with
m0 ∼ |FX |
k
. (33)
We consider the following localisation of the MSSM fields5 :
• the first two generations of quarks and leptons are localized near the IR brane.
In a holographic 4d interpretation, the first two generations are composite states.
• the top quark is localized on or near the UV brane, whereas bottom and tau are
localized near the UV brane or near the IR brane, depending on tanβ. In the
holographic language, the top quark is therefore elementary.
• the two Higgs doublets Hu, Hd are localized near the UV brane and therefore have
hu, hd = 0. They are then elementary from the 4d holographic point of view. In
the scenario below, we will consider a finite h′d describing a non-negligible ”tail”
near the IR.
• the spurion X is located on the UV brane
One important point to mention here is that the extra dimensional realisation of the
WFR approach allows for certain generalisations. They are equivalent (and the analogy
with FN is true) only if all Yukawas are localized on the UV brane that is if we neglect
the corrections coming from the ”tail” of the Higgs fields near the IR brane.
By comparing with the standard RS non-SUSY setup with fermion mass hierarchies
generated by wave functions overlap, we notice that in the standard RS case, since
ǫRS =
ΛUV
ΛIR
∼ 10−16, the bulk masses ci have to be tuned close to 1/2 in order not to
generate too big hierarchies in the fermion masses. In our case, we choose to work with
a very small extra dimension 10−3 ≤ ǫ ≤ 10−1 and therefore there is no need for such
5Similar localization of the MSSM flavours from a different perspective was also considered recently
in [31].
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a tuning. Of course, such a small warping does not provide a solution to the hierarchy
problem anymore, but since we have low-energy supersymmetry, the strong warping is
clearly not needed.
Provided h′u and h
′
d are large enough (sharp UV localization), the Yukawa couplings
originating from the IR brane (i.e. the terms proportional to Yˆ ′ in Eqns. (31) and (32))
are always subleading compared to the ones from the UV brane and hence irrelevant.
For moderately large values they can become comparable6, at least for the light gen-
erations, and can in fact be exploited to circumvent the µ → eγ problem pointed out
at the end of Sec. 2. For instance, for all 3 generations of leptons IR-localized (small
to moderate tan β), one has
Y eij = Yˆ
e
ijǫ
ℓi+ej + Yˆ ′eij ǫ
h′
d , Aeij = m0Aˆ
e
ijǫ
ℓi+ej (34)
Ideally, we would like to suppress the dangerous A terms without suppressing the
corresponding Yukawas. This is easy to do: Let us imagine that we increase ℓ1 and/or
e1 such that A
e
12 and A
e
21 are sufficiently small in order to satisfy the bounds for a given
slepton mass.7 Of course, this will result in a too small electron mass unless we impose
that h′d is responsible for generating Y
e
11 from the IR brane. We thus choose charges
such that
ℓ1 + e1 > h
′
d (35)
h′d ∼ 5 + ℓ3 + e3 (36)
ℓ2 + e2 ∼ 2 + ℓ3 + e3 . (37)
where the last two relations ensure the correct e− τ and µ− τ mass ratios. A possible
choice, satisfying also the unification conditions Eq. (22), reads
q = (4, 2, 0) , u = (3, 2, 0) , e = (5, 2, 0) , (38)
d = (5, 0, 0) + d3 , ℓ = (4, 0, 0) + d3 , h
′
d ∼ 5 + d3 , (39)
leading to Yukawas
Y u ∼


ǫ7 ǫ6 ǫ0
ǫ5 ǫ4 ǫ2
ǫ3 ǫ2 ǫ0

 , Y d ∼ tβ


ǫ8 ǫ7 ǫ7
ǫ8 ǫ5 ǫ5
ǫ8 ǫ3 ǫ3

 , Y e ∼ tβ


ǫ8 ǫ8 ǫ7
ǫ8 ǫ5 ǫ3
ǫ8 ǫ5 ǫ3

 . (40)
6This ”switching behavior” was exploited in Ref. [32] to generate an anarchical neutrino spectrum
and large mixing angles.
7As a bonus, the Ae
11
term, responsible for generating an electron EDM, receives additional sup-
pression.
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The underlined exponents are the ones generated from the new contributions in the
second term in Eq. (34). One sees that only the down and the electron masses are
affected by h′d. On the other hand, the A terms are given by
Au ∼ Y u , Ad ∼ tβ


ǫ12 ǫ7 ǫ7
ǫ10 ǫ5 ǫ5
ǫ8 ǫ3 ǫ3

 , Ae ∼ tβ


ǫ12 ǫ9 ǫ7
ǫ8 ǫ5 ǫ3
ǫ8 ǫ5 ǫ3

 . (41)
The suppression in the 12 and 21 elements of Ae is now sufficient for a slepton mass
around 200 GeV. Notice that the FN models, even with multiple U(1)’s, have no
analogue of this mechanism.
Notice that in order to forbid R-parity violating operators we need to impose R-
parity as symmetry of the effective action. Once this is done, there are usually still
dangerous dimension five operators. In our case, if the triplet Higgs fields are localized
on the UV brane along with the doublets, these operators are naturally generated there,
and we find
1
ΛUV
ǫqi+qj+ql+lmQiQjQkLm ,
1
ΛUV
ǫui+uj+dk+emUiUjDkEm . (42)
Due to the localization of the first two generations on the IR brane, we get an additional
suppression, as for the UV localized Yukawas of the first two generations, which is
enough in order to bring these operators into their experimental bounds [30].
Finally, extra dimensional interpretation may shed some light on the stunning coin-
cidence of the anomaly cancelation conditions and the conditions for the gauge coupling
unification discussed in the previous section. The charges qi = 1/2− ci can be under-
stood, in a holographic 4d picture, as dimensions of CFT operators that the bulk fields
couple to. So it seems that the analog of the gauged U(1)X is actually the SUSY
partner of the dilatation current, the R-symmetry current U(1)R. On the other hand,
the anomalies U(1)RG
2
a are indeed related to the beta functions and therefore to the
running of the gauge couplings of the SM gauge factors Ga.
5 Conclusions
Supersymmetric models with WFR reproduce the success of the FN models for fermion
masses with mixings, alleviating at the same time their FCNC problems. Whereas
from a 4d perspective, the improvement in the quark sector is phenomenologically
quite successful, in the leptonic sector there are still problems with µ → eγ. We
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however showed that in an extra dimensional realization similar to RS but with an IR
brane of mass scale of the order of MGUT , with the first two generations composite (IR
localized) and the third one elementary (UV localized), the problem can be elegantly
solved by generating the electron mass by the strong coupling in the CFT sector.
Indeed, the A-term for the electron is strongly suppressed since the supersymmetry
breaking spurion field is elementary and the corresponding terms in the action (as well
as the other soft breaking terms) are localized on the UV brane. More generally, the
analogy between FN and WFR is precise in the warped 5d realization when all Yukawa
couplings are elementary (UV localized), whereas strong coupling contributions (IR
CFT contributions) add new structure compared to the FN setup. As a side comment,
we notice that similarly, we can generate a µ-term on the IR boundary with large
suppression factor if h′u, h
′
d ≫ 0 in the sense discussed in Section 4. This is of course
useful only if for some reason such a term is absent on the UV brane.
We showed that whereas the FN gauge U(1) case is constrained by the various
gauge anomaly cancelation conditions, in the WFR case most of these conditions re-
emerged in Section 3 as conditions for gauge coupling unification. More precisely, the
same conditions for the corresponding parameters as the mixed anomaly conditions
A3 ∼ U(1)XSU(3)2, A2 ∼ U(1)XSU(2)2, A1 ∼ U(1)XU(1)2Y for the U(1) charges
appear in the threshold corrections to the gauge couplings (18), (21). They are then
constrained by the unification of the SM gauge couplings precisely in the same way
as the U(1) charges by the universal Green-Schwarz anomaly cancelation conditions
in the FN case. The mixed anomaly U(1)2XU(1)Y does not emerge in the WFR setup
however and it is therefore still true that in the WFR case the ”charges” qi ↔ ci are
less constrained than U(1)X charges in the FN setup.
One should also mention that in the FN case U(1)X can be broken to discrete
symmetries ZN which can have nice features like suppressing proton decay at acceptable
levels. There does not seem to be analog of this phenomenon in the WFR case.
On the side of the phenomenological predictions of the WFR scheme and the possi-
bility of its experimental verification, one sees that FCNC effect are much more strongly
suppressed than in the FN models. Thus, contrary to the predictions of the FN models,
one does not expect the FCNC effects to be close to the present bounds (perhaps with
exception of the muon decay). However, there is an interesting correlation between the
supersymmetric models for flavour and the pattern of superpartner masses. The WFR
scheme predicts all superpartner masses, except the stop masses, in terms of the gluino
mass. In particular, also slepton masses are predicted in terms of the gluino mass.
Finally, it would be interesting to investigate the issue of flavor violation in F-
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theory models, where similarly there is an analog of the WFR of generating Yukawa
hierarchies [33] and a different, gauged FN setup generating them [34].
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